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Abstract

We numerically investigate the transonic viscous flow and heat transfer in a highly loaded turbine blade, where the interaction of a
shock wave, a wake and a boundary layer often leads to very complicated flow phenomena. The numerical method, a modified implicit
flux-vector-splitting (MIFVS) solver of the Navier–Stokes equations, which has been well established by combining a unique implicit
formulation with a flux-vector-splitting scheme, is extended to simulate such transonic cascade flow. Turbulence is modeled with a
low Reynolds number k–� model which also considers the compressibility effects. The laminar to turbulent transition is well captured
by implementing transitional parameters into the damping function of k–� model. With this extended MIFVS solver, we efficiently pre-
dict the heat transfer, shock and boundary layer interactions in the VKI highly loaded transonic turbine blade. The obtained results show
good agreement with the experimental data and other published calculation results. The main flow features are well predicted.
� 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Through continuous and rapid development in computa-
tional fluid dynamics (CFD), significant advances have
been made to turbine blades both in their loading and
design philosophy (Curtis et al., 1996). In recent years,
efforts have been directed to design blades with increasing
aerodynamic loading (lift coefficient), leading to the so-
called high lift profiles. The large pressure ratio and high
loading coefficient in such turbine blades could cause a com-
plicated transonic flow pattern with shock waves and sepa-
rated zones, especially in blades with a large blade turning
angle and a high exit Mach number. To design and optimize
these turbines, it is imperative for these interactions to be
thoroughly understood. A key numerical challenge in meet-
ing this goal is to accurately model the main flow field while
maintaining a high numerical efficiency.
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The performance of highly loaded turbine blades has
been actively studied both by experiment and numerically
(Chima, 1996; Curtis et al., 1996; Howell et al., 2000; Geh-
rer and Jericha, 1998; Granovskii et al., 1995; Howell et al.,
2001; Hall et al., 1998; Sarkar, 2005; Segawa et al., 2001).
The work, for example, has been directed at reducing both
the weight and the manufacturing cost of modern aircraft
engines (Howell et al., 2000; Segawa et al., 2001).

For design and analysis of these turbine blades, reliable
computational methods are essential, with realistic simula-
tion of turbulence and transition processes (Michelassi and
Rodi, 1997). The important parameters of interest include
the accurate prediction of heat transfer, wake mixing,
and the interactions among a shock wave, a boundary layer
and a wake.

A modified implicit flux-vector-splitting (MIFVS)
numerical solver has been previously developed and
applied to various other flow analyses (Liu et al., 1996;
Liu and Kendall, 2004; Liu and Bellhouse, 2005; Liu and
Zhang, 2006). Numerical simulations have shown that
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Nomenclature

c, cax chord, axial chord (m)
cp specific heat at the constant pressure (J/kg K)
e total energy (J/kg)
J Jacobi
k turbulence kinetic energy (J/kg)
Ma Mach number
p static pressure (Pa)
Pk production of turbulence kinetic energy (W/m3)
_qi component of the heat flux vector (W/m2)
Re Reynolds number
s surface length (m)
ui component of the cartesian velocity vector (m/s)
t time (s)
T temperature (K)
sij component of the shear stress tensor (N/m2)
� dissipation of turbulence kinetic energy (J/kg s)

dij Kronecker’s delta function
l viscosity (Ns/m2)
q density (kg/m3)
ni general coordinates
C�1, C�2, Cl, rk, r� turbulence model constants
f1, f2, fl damping functions of k–� model

Subscript

l, t laminar, turbulent contribution
1, 2 inlet, outlet

Superscript

lam, turb laminar, turbulent part
0 fluctuation
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the MIFVS has significant advantages in terms of accuracy,
convergence and computing cost.

The objective of this paper is to extend the MIFVS sol-
ver to the transonic cascade flow in a highly loaded turbine
blade. New challenges here require accurate turbulence and
transition models into the MIFVS code. Furthermore, the
leading edge correction for turbulent production term
needs to be included to improve calculation procedure.
The approaches and methodologies to achieve these code
improvements are presented and discussed. The perfor-
mance of the MIFVS method is assessed by extensive com-
parisons with the experiment and available computed
results for the transonic VKI highly loaded vane (Arts
et al., 1990, 1994).
2. Governing equations

The equations used to model the cascade flow through
stator and/or rotor blades are the compressible, Rey-
nolds-averaged continuity, momentum and energy equa-
tions written in terms of generalized coordinates and in a
conservative flux-vector-splitting form
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More details can be found in Liu et al. (1996) and Liu
and Bellhouse (2005).
3. Models for turbulence and transition

3.1. Turbulent stresses

The turbulence model used in this study is based on the
Boussinesq’s approximation that the principal axes of the
turbulent stress tensor are coincident with those of the
mean strain-rate tensor. This assumption makes it possible
to close the Reynolds-averaged Navier–Stokes (RANS)
equations by expressing the turbulent stresses, sturb

ij , with
an eddy viscosity, lt, as
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Therefore, the RANS equations can be treated in a similar
manner as the Navier–Stokes (NS) equations in the lami-
nar flow, in which the molecular (laminar) viscosity, ll, is
substituted by the effective viscosity, ll þ lt.
3.2. Low Reynolds number k–� turbulence model

Various low-Reynolds number k–� turbulence models
have been developed with different damping functions,
constants and variation in source terms. Also boundary
conditions may vary between some models. In general, all
the low Reynolds number k–� models can be rewritten in
a form similar to Eq. (1)
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Eq. (3) adopted here mainly indicate the relationship be-
tween the two-equation k–� turbulence model and the
RANS equations. These similarities make it straightfor-
ward to extend the method of implicit formulation and
eigenvalue analysis of the NS to the turbulence model
equations.

The nonlinear eddy-viscosity models (e.g., Craft et al.,
1997) are regarded to have a better capability of predicting
‘‘by-pass’’ or ‘‘diffusion-controlled’’ transition phenome-
non. However, there are many empirical coefficients and
constants need to be elaborately calibrated before it can
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be confidently applied for routine engineering applications.
To demonstrate the methodology of the extended MIFVS
solver, in this study, a linear eddy-viscosity k–� model is
rather adopted due to its robustness and a large spectrum
of applicabilities.

The low Reynolds number model proposed by Chien
(1982), together with Sarkar’s compressibility modification
(Sarkar et al., 1991), is implemented into the MIFVS code
to simulate the turbulent boundary layer and the interac-
tion with the shock wave. The damping functions and
model constants of Eq. (3) are defined

fl¼ 1� expð�0:0115yþÞ;
f1¼ 1:0;

f2¼ 1�0:22exp½�ðRet=6Þ2�;

Ret¼
qk2

l��
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l
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Cl¼ 0:09; C�1¼ 1:35; C�2¼ 1:80; rk ¼ 1:0; r�¼ 1:3:
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Most k–� turbulence models are found to predict excessive
levels of turbulent energy in stagnation regions, as often
shown in the blunt leading edge of the highly loaded tran-
sonic turbine blades (Michelassi and Rodi, 1997). In this
study, an approach for the leading edge correction pro-
posed by Kato and Launder (1993) is adopted to reformu-
late the turbulent energy production term (Pk).

3.3. Transition model

In the transonic highly loaded turbine blade flow, the
transition is normally of the by-pass type, which may be
induced by an incoming free-stream turbulence, or trig-
gered by a local flow separation or a shock. The nature
transition is unlikely to take place in cascade flows (e.g.
of the configuration in Fig. 1). The model embodied in
the low Reynolds number k–� turbulent model is described
as follows.
Fig. 1. Computational domain and grids, with the trailing edge magnified
The damping function of Eq. (4), fl, is modified to
include a ratio of 25/A+ (Cho et al., 1993), which represents
an intermittency function

fl ¼ 1� exp �0:0115yþ
25
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The parameter A+ is set to a critical value (e.g., 300) in lam-
inar flows to guarantee the turbulence viscosity, lt, very
small. The normal expression of fl (Eq. 4) is restored for
fully turbulent boundary layer when Aþt equals 25. In the
transitional region, A+ is calculated by

Aþ ¼ Aþt þ ð300� Aþt Þ � 1� sin
p
2
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� �� �2

in which Retr is specified by the following empirical relation
(Abu-Ghannam and Shaw, 1980)
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The transition model is implemented only inside the
boundary layer. The flow is turbulent outside the boundary
layer in the full developed turbulent cascade flow. The
damping functions of Eqs. (4) and (5) are evaluated
accordingly.

4. Numerical implementation

4.1. Implicit scheme

The implicit formulation of Eq. (1), also applicable to
Eq. (3) of the low Reynolds number k–� model, is described
in the semi-discrete delta form
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: (a) periodic H-mesh and (b) periodic O-mesh patched with H-mesh.
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Fig. 2. Wake profiles of Mach number.
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Fig. 3. Isentropic Mach number distributions.
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where k�i ; kvi; k1s and k2s are the spectral radii of Jacobian
matrices of the convection, dissipation and source terms
respectively. D bU n is evaluated in explicit step by a sec-
ond-order accuracy flux-vector-splitting (FVS) scheme
(Steger and Warming, 1981). Meanwhile, first-order time-
and spatial-difference schemes are used for the implicit part
due to steady problems. The resultant implicit algebraic
equations can be solved efficiently. The convergence rate
is further accelerated by a multi-grid technique.

4.2. Multi-block structure and computational grid

In this study, a multi-block topology is employed to gen-
erate a better quality grid for the highly loaded turbine
blade with a large turning angle and a blunt leading/trail-
ing edge. Various grid densities and nodal distributions
have been used to study the influence of the discretization
on the physical domain. All the results presented have been
verified on different grids (from 9000 to 40000 cells) to
ensure grid-independent solutions.

Fig. 1 shows typical periodic cascade grids (every other
point), in which the blade is embodied in the computa-
tional domain. The grid shown in Fig. 1a is a fully H-mesh.
The periodic boundary is preserved by the nodal periodic
distributions. The grid in Fig. 1b is a basically periodic
O-mesh, in which the orthogonal meshing is implemented
around the blade, patched with an outlet periodic H-mesh.
Numerical simulations show such periodic O-mesh
obtained slightly better results near the trailing edge when
the vortex shedding exists. For heat transfer calculations,
the first grid point adjacent to the blade surface is placed
at y+ � 0.2–0.8, with approximately 30 points within the
boundary layer.

5. Results and discussion

5.1. Validation: a high-loaded transonic VKI vane

A highly loaded transonic turbine nozzle guide vane
(NGV) has been selected and calculated in this paper due
to a wealth of experimental data available (Arts et al.,
1990; Arts, 1994). The NGV was performed in the Isentro-
pic Light Piston Compression Tube facility in the von Kar-
man Institute (VKI). This facility has independent control
over the exit Mach number (Ma2,is), the exit Reynolds
number (Re2), inlet turbulence intensity (Tu), and the gas
to the wall temperature ratio.

As a validation, we firstly simulate the case with low and
medium exit Mach numbers (0.84 and 1.02, respectively),
with an aim at assessing the accuracy and robustness of
the extended MIFVS method. Computed wake profiles
located at 43.3% of axial chord downstream of the trailing
edge are compared to the experimental data, digitized man-
ually from (Arts et al., 1990), in Fig. 2. A better agreement
in the lower Mach number case is seen. In contrast, a rather
large discrepancy is found for the exit Mach number of
1.02 case. This is probably due to the lack of fidelity of lin-
ear turbulence model in the complex flow region (e.g., sep-
aration), and the fact that both simulations were performed
on the same grid. It should be pointed out that the mea-
sured and computed integrals are almost identical, when
considering the difference of flow condition.

Further interrogations of the surface Isentropic Mach
number distributions (Fig. 3) and density gradient contours
(numerical Schlieren, not shown) obtain a better agreement
with experimental measurements.
5.2. VKI MUR235 test case: lower exit Mach number

The flow conditions of the VKI MUR235 test case corre-
spond to an exit isentropic Mach number of Ma2,is = 0.927,
an exit Reynolds number of Re2 = 1.25 · 106 and a free
stream turbulence intensity of Tu = 6%.

The contour plots of Mach number in Fig. 4 are
obtained with the low Reynolds number k–� turbulence
model and Kato and Launder correction. Clearly it shows
that the problem with the high levels of kinetic energy in
the stagnation region, as illustrated in Fig. 4.3 by Gehrer
and Jericha (1998), has been improved.

Fig. 5 illustrates the respective heat flux distributions for
the MUR235 case. The effects of turbulence length scale
have been examined for the same flow condition. The tran-
sition is predicted slightly too early on the suction side for a
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turbulence length scale (lm) of 3% pitch. Decreasing lm by a
factor of 10 to a value of lm = 0.3% pitch causes the tran-
sition move downstream. On the pressure side, the pre-
dicted heat flux levels are lower than experimental data
for both length scales, which are consistent with other pub-
lished numerical results in the same VKI MUR235 studies
(Hall et al., 1998; Gehrer and Jericha, 1998; Chima, 1996).

Often, the � value, corresponding to turbulence length
scale lm, is ambiguous at the inflow boundary. To the
authors’ best knowledge, the selected value of lm varies sig-
nificantly in the literature even for the same VKI case
study. For example, the turbulence length scale lm was set
to 10% of pitch by Hall et al. (1998). Gehrer and Jericha
(1998), in their study, gave a comparison of the calculated
results with lm of 0.425% and 4.25% of pitch. Chima, mean-
while, covered a even wider range from 0.015% to 1.74% of
pitch and concluded the best prediction for transition is
about 0.06% (Chima, 1996). All the studies indicate that
the transition is evidently influenced by the turbulence
length scale.

Nevertheless, as shown in Fig. 5, the model captures the
overall behavior quite well, although the predicted heat
flux level is a bit lower.
5.3. VKI MUR222 test case: higher exit Mach number

In this case, the experimental isentropic Mach number is
1.1, the exit Reynolds number, 5 · 105, and the measured
free stream turbulence level is 6%.

The predicted heat flux in Fig. 6, in contrast, presents a
better agreement with the experimental data than that of
the lower exit Mach number MUR235 case (shown in
Fig. 5). Since in the high exit Mach number case, the accel-
eration is stronger and the boundary layer on the suction
side remains laminar over a large part of the blade. The
turbulence length scale lm at 0.3% of pitch gives a most sat-
isfactory result for the transition onset along the suction
surface of the blade.

6. Conclusions

An efficient numerical method, MIFVS, has been
extended to solve the transonic cascade flow and heat
transfer in a highly loaded turbine blade. Key characteris-
tics of the MIFVS solver include the establishment of an
implicit formulation, eigenvalue analysis of the Jacobi
matrices for the NS equations. Since matrix operations
are not necessary in the implicit solver, computing efforts
in each iteration step can be significantly reduced.

A low Reynolds number k–� turbulence model, with the
compressibility effect considered and the turbulence pro-
duction term Pk modified near the blunt leading edge,
and a transition model have been implemented into the
MIFVS solver. Results obtained for the wave profiles, the
surface isentropic Mach number distributions, Schlieren
image and heat transfer show good agreements with the
experimental data and other published calculation results.
The important flow features are well predicted. By simulat-
ing this transonic transition flow, the extended MIFVS is
demonstrated to be numerically efficient and accurate for
the highly loaded turbine blade.
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